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1. INTRODUCTION 
In [ 1,2], the partial differential equation 
au/at + c(x) au/ax =f(x, u), O<x<l,O<t< co, (1) 
u(O, x> = u(x), o<x< 1, (2) 
is studied. Under certain hypotheses on c, f, this equation models the 
dynamics of a self-reproductive cell population. It is proved in [ 1 ] that under 
these hypotheses (l), (2) g enerate a semiflow S,, t > 0, on C[O, l] which is 
defined by 
(S,u)(x) = u(t, x) fort>O, O<x< 1, (3) 
where u is the solution of (l), (2). Further, it is proved in [l] that there 
exists an invariant set V of S, which is chaotic. This means that there exists 
a trajectory of S, in V which is dense in V and each point in V is unstable, 
i.e., for each u E V there exists an 9 > 0, a sequence { vk} c V, vk + v, and a 
sequence { tk} of positive reals such that 1 Stk(vk) - SJv)( > 9 for all k. 
In [2] it is shown that S, exhibits additional features of chaos in V: there 
are periodic points of any period in V and the set of periodic points is dense 
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in V. For this purpose a useful representation 4: C[O, l] -+ C[O, co) of the 
semiflow S, has been developed. It is defined by 
b(v)(t) = PfV)(l). 
It conjugates S, with the left shift Tt on C[O, l), i.e., one has 
(4) 
where 
for g E CIO, co). 
(Tt g)(s) = g(t + s), t, s 2 0, (6) 
In analogy to finite-dimensional flows one could call Tt the symbolic 
dynamics of S,. 
In this paper we use this symbolic dynamics to prove that the chaos in V 
is as chaotic as it can be: it admits a non-trivial invariant ergodic measure 
and it is exact [3]. We recall that S, is exact on V if there exists a non-trivial 
invariant probabilistic measure ,U on V such that for each A c V with 
P(A) > 0, @,(A))+ 1 for t -+ co and nontrivial if the set of periodic points 
in V has zero measure. 
It is now quite obvious that by using the conjugacy the proof of ergodicity 
and exactness of S, can be reduced to the proof of the corresponding 
properties for the left shift semigroup on C[O, co). This problem is dealt with 
in Section 2. Section 3 introduces the problem of [l] in an extended setting 
which includes also the linear model of [4]. Also, the results of [ 1, 21, which 
are necessary for the understanding of the present paper, are summarized 
there. Finally, in Section 4 the results of Section 2 are applied to obtain the 
corresponding results for S,. 
2. ERGODICITY OF EXACTNESS OF THE SHIFT~EMIGROUP 
ON c[o, 00) 
Consider the space C[O, co) with the topology of almost uniform 
convergence (i.e., uniform convergence on every compact). This space is 
complete and separable. Its topology is determined by a countable system of 
metrics hence it is metrizable. All these properties together mean that it is a 
Polish space. 
We can give an explicit expression for a metric d which generates the 
above topology. It is given by 
dV;g)= sup e-‘. 
o<t<m 
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Recall that Bore1 subsets of topological space form a o-algebra generated by 
open sets and that every open subset of a Polish space is a countable union 
of closed balls [5]. Note that for any fE C[O, co) and 0 <E E R the closed 
ball 
B,(f) = 1 g: a&L g) < El = j g: I s(t) -f(t>l < -JY.L 1 - &et for 0 < t 
= 1 g: Ig(t) -fWl < g-p for 0 < t < -In E, 
t rational . 
t 
Hence B,(f) is an element of the Kolmogorov u-algebra B, generated by the 
system g of finite-dimensional cylinders. Recall that 97 is defined as the set 
of those C for which there exists a finite set I = {t, ,..., tm} and a Bore1 set B 
in R” such that 
C=+(B) 
where n,(g) = (g(t,),..., g(t,)) for g E C[O, co). Now it is trivial to prove 
that Bore1 and Kolmogorov o-algebras on C[O, co) coincide (cf. [5]). The 
following facts are proved in [4]. 
LEMMA 1. (i) Bore1 subsets of a Polish space are analytic. 
(ii) The image and inverse image of analytic sets under a measurable 
transformation between Polish spaces are analytic. 
(iii) Analytic subsets of a Polish space are universally measurable. 
This means that any probability measure on Bore1 sets can be extended to a 
a-algebra containing analytic sets. Let m be the invariant measure on Bore1 
sets of C[O, co) induced by the Gaussian stationary proces X,(g) = g(t) with 
triangular autocovariance function 
cov(X,,X,)=max{l-It-sI,O}=c(lt-sl). 
The measure m is defined on 59 by 
m(x; ‘B) = v(B), I= {t 1 ,*-*, t, 1 
where v is the m-dimensional Gaussian measure on Bore1 subsets of R”, 
which has zero mean and covariance matrix V with Vij = c(] ti - tj I), for i, 
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j= l,..., m. Recall that for any A E B, and E > 0 there exists a C E g such 
that m(A A C) < E. It is obvious that the same is true for A analytic as well 
as the fact that m(l;‘(A)) = m(A) for 0 < t < 00. 
Now we are ready to prove the following result concerning the measure m 
given above. 
THEOREM 1. The measure m is regular, non-trivial, exact and ergodic. 
The subset of bounded functions of C[O, co) has m = 0 and for each E > 0, 
t > 0 there exists a K(t, E) > 0 such that 
m({ g: I g(s)1 < K(t, c)for 0 < s < t}) > 1 - s. 
Proof: It is well known that every probability measure on Bore1 subsets 
of a Polish space is regular. Every periodical continuous function on [0, co) 
is bounded. Bounded functions form a subset of the set B = Ur=, B, where 
B,= {f: 1 f(t)\ < k: t= 0, 1, 2 ,..., }. We have 
m(B,) = ,$rna m{f: ) f (t)l < k: t = 0, l,..., N) 
= ,lili”, [m{J 1 f (0)l < k}]“’ = 0. 
Hence m(B) = 0. Now we prove that m is exact. 
LetAEB,,m(A)>O.ForO<s<twehave 
T,(A) < T,‘-s,(TtW9 
T,(A), T,(A) being analytic. Therefore 
m(W)) Q WI1ls(T@N = WXO. 
Hence the function m(T,(A)) is non-decreasing in t and has a positive limit. 
Suppose that 
1 > )iz m(T,(A)) = 1 - 2~, 7y > 0. 
Let us denote m(A) = 2s > 0, t, = 0. There exists C, E g such that 
m(A A C,) < min{q, E}. 
We can write 
Co = n&,‘(Bo) 
where I,, is a finite set of cardinality m, and B, is a Bore1 set in RmO. For 
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k = 1, 2,..., put t, = max(J,- r) + 1 for J, = I,, and Jk to be defined below by 
induction for k > 1. 
There exists a set C, E Q such that 
m(r&(A) fI C,) < min{q, ~/2~]. 
We have C, = n;‘(Bk), T,;‘(C,) = rcG1(Bk) where Jk = {t + t,, t E Ik}. 
Hence we have min{Jk}>max{JkPl} + 1. From cov(X,,X,)=O for 
1 t - sJ > 1 we conclude that the cylinders C,, Tlyl(C,),..., T,;‘(C,) are 
independent. Therefore 
m 
i 
E TG’(C,))= fi m(Tc’(Ci))= fi m(Ci)= (I - v)~” 
i=O i=O i=O 
and 
= 0. 
On the other hand, for k = 0, l,..., we have 
A = T;k’Vt,(A I>, m(A - T;‘(c,)) < mPT;‘KI(A) - ck)l 
= m(Ttk(A) - C,) < ~/2~. 
Therefore 
< g m[A - T,‘(C,)] < 2.5 = m(A) 
k=O 
which is a contradiction. 
Finally, we prove that m is ergodic. Let A E B,, 0 < m(A), and 
m[A n T,-‘(A)] = 0 for any t > 0. We show that m(A) = 1. We have 
m(A) = m(A LI T;‘(A)) = m(A,), whereA,= fl T;‘(A). 
k=O 
For any k, e E Z+ we have 
Te(A,) = TeV,;‘,(4) = T,-‘(A). 
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Hence T&4,) c npZO T,-‘(A) =A,, hence m(A,) > lim,,, m(T,(A)) = 1. 
The rest of the proof follows from the fact that 
C[O,t)= (yi {g:(g(s)( <kfor O<s<t}. 
k=l 
COROLLARY 1. There exists a continuous positive function G E C[O, CQ) 
such that 
m(g E C[O, 00): I &)I < W’-‘l) > 0. 
The function G can be defined as the piecewise linear function passing 
through the points (n, K(n + 1, 1 - 2-“-l)), n = 0, 1,2 ,.... 
3. BASIC THEORY OF (1) 
The basic facts about Eq. (1) are established in [I]. We now reformulate 
its results in an extended version which is beyond its original physiological 
motivation but mathematically is more natural. Also, we prove some more 
facts about (1) that we shall need in Section 4. First we list the assumptions 
we shall make as well as the results that follow from [ 1,2] and that are 
important for the present paper. 
Assumptions. 
A 1. The functions c, f are continuously differentiable. 
A2. c(0) = 0, c(x) > 0 for x > 0. 
A3. The value 0 is a regular value off(O,.), i.e.&(O, U) # 0 as soon as 
f(0, u) = 0; if the set of zeros of f(O,.) is bounded from the right (left) then 
f(O,.) is bounded away from 0 for u -+ co (u + -co, respectively). 
A4. f(x, u) sign u <k, ]u] + k, for some k,, k, > 0 and all x E [0, 11, 
Note that assumptions Al, A2 coincide with those of [2]. Assumption A3 
extends A3 of [2] to all zeros off(O,.) and A4 of [2 ] has been modified since 
solutions with negative values will also be considered. Assumption A5 of [2] 
has been dropped since it has been needed in the physiological context only. 
The following five propositions are either proved in [ 1,2] or their proofs 
can be obtained by straightforward adaptations of the proofs of analogous 
propositions in [ 1,2]. All function spaces below are to be understood to be 
endowed by the topology of almost uniform convergence. 
PROPOSITION 1. For every v E C[O, 11, (I), (2) has a unique solution u in 
C([O, 00) x [0, 11). The map S: [0, 00) x C[O, l] -+ C[O, l] defined by 
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(S,v)(x) = u(t, x), where u satisfies (l), (2), is a continuous semifirow, i. S is 
continuous and one has S, = id., S, 0 S, = Sl+s for all s, t > 0. 
Note that we understand the solution in a generalized sense, as a limit of 
C’ functions satisfying (1) everywhere. The proposition is a trivial extension 
of [ 1, Proposition 11, from C( [0, 11, [0, co)) to C[O, l] (for Z, J intervals of 
the real line we shall denote C(Z, J) the set of continuous functions I-+ J). 
Due to A3, there is an at most finite number of zeros off(O,.) on each 
finite interval. The (finite of infinite from right or left) sequence of zeros of 
f(O,.) we shall denote by {ui}iii,, --co < i, < i, < co, in such a way that 
ui < ui+ 1 for all and f,(O, UJ > 0 for i odd. Formally, we shall understand 
ui=-cc fori<i, andui=co fori>i,. 
Note that for i even (odd), ui is an attractor (repeller, respectively) for the 
first-order ordinary differential equation 
dy/dt =f(O, Y) (7) 
and that for i even (uiWl, ui+, ) is the domain of attractivity of ui, i.e., a 
solution y(t) of (7) satisfies v(t) + ui if and only if y(O) E (ui-, , ui+ ,). 
PROPOSITION 2. For i E [il, i2] even there exists a unique solution WI(X) 
of the stationary equation 
c(x) dw/dx =f(x, w), o<x< 1, (8) 
satisfying ~~(0) = ui. For each v E C[O, l] such that v(0) E (ui- 1, ui+ 1) one 
has lim,,, S,v(x) = wi(x) uniformly in x. 
The proof of this proposition becomes an almost literal transcription of 
the proof of Theorem 2 of [l] if one observes that the only fact that is used 
from the assumption v(0) E (0, u,,) in the latter is the fact that u(0) belongs 
to the attractivity domain for Eq. (7). In a similar way one can obtain the 
proof of the following. 
PROPOSITION 3. Let iE [i,,&] be odd and let Vi= {v E C[O, 11: 
V(O)=Ui}, wi={VE vi:Wi-I(X)<V(X)<Wi+{(X) for O<X<l} (we 
understand wi(x) z --co (+co) for i < i,(i > i, , respectively)). The sets Vi, Wi 
are invariant under S, and for each v E Vi there exists a T> 0 such that 
S,vE Wifor t> T. 
PROPOSITION 4. For i E [i,, i2] odd, the sets Wi are chaotic in the 
following sense: 
(i) Wi contains a dense trajectory. 
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(ii) Each point v of Wi is unstable, i.e., there exists an n > 0 and 
sequences vk + v, t, E [0, co) such that 
for some xE [0, 11. 
(iii) For each T> 0 there is a continuum of periodic points of basic 
period T in Wi. 
(iv) The set of periodic points of Wi is dense in Wi 
(cf. [ 1, Theorem 31 and (2, Theorem 1 I). 
PROPOSITION 5. The map 4: C[O, l] + C[O, a) deJned by $(v)(t)= 
(S, v)( 1) is continuous one-to-one and satisfies 
for t > 0, where T is the left shift semigroup on C[O, a) defined by 
(r, g>(s) = g(t + s> for t, s 2 0, g E C[O, a3). 
It can be extended to a map & C(0, l] -+ C[O, 00) which has a continuous 
inverse. Further, it has the following property: There is a continuous strictly 
decreasing function v, from [0, 00) onto (0, l] such that &vl)(t) > &vJ(t) if 
and only ifvl(rp(t)> > v2(v)(t)), v,, v2 E C(O, 11. 
This proposition follows from [2, Sect. 21 (9 corresponds to ~(0; t, 1) of 
PI). 
PROPOSITION 6. Let i E [i,, i2] be odd. Then, there are strictly 
monotonic functions g-, g, E C([O, 03), (wi-r(l), w,+,(l))) such that 
g-(O) <g+(O), lim,,,g-(t)= ~~-~(l), lim,,,g+(t)= witl(l) and 
c C([O, a)7 (wi-l(l>, wi+l(l)>>* (9) 
Proof The right inclusion of (9) follows from Proposition 3. For the 
proof of the left one, we introduce the following notation: given c E (ui- 1, 
uitl), denote h, the #-image of the constant function of value c. By 
Proposition 2 we have lim,,, h,.(t) = Wi- ,(l) for c E (u(-, , ui) and 
lim t-tm h,(t) = Wi+ l(l) for c E (u,, ui+ 1). 
Choose sequences c, / ui, d, .\ wi-,(l). There exists a sequence t, --t co 
such that h,,(t) < d, for t > t,. We denote by g-(t) the piecewise linear 
function passing through a point (0, d) with d > d, and the points (t, , d, 1) 
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for 12 > 0. Then g- is strictly decreasing and lim,,, g-(t) = wi- ,( 1). Also, 
we have g-(t) > d, > h,,(t) for t E (t,, t,, i). By Proposition 5, h,i(t) < g-(t) 
for each i < n and t, < t < t,, , , so g-(t) > h,,(t) for t > t,, i, n = 0, 1, 2 ,.... 
Let now g(t) > g-(t) for t > 0. Then, g(t) > h,,(t) for t > t,,+, . By 
Proposition 5, $-I( g)(x) > c, for x < q$t,+,) and all n, so lim inf,., 
F-‘(g)(x) 2 ui* In a similar way we can construct g, and prove that if 
g(t) <g+(t) for t 20 then lim SUP~+~ a-‘(g)(x)< Ui. This proves the 
proposition. 
Let us note that Propositions 2-4 estblish an interesting relation of the 
flow S, and the flow of (7) (to be denoted by 2,). There is a one-to-one 
correspondence between the stable steady states of S, and I;, defined by the 
map w t-+ w(O). Also, the asymptotics of S, is completely determined by 
v(O), provided v(0) is not an unstable steady state of Z,: S,v tends to the 
steady state corresponding to the limit of X,(v(O)). However, the unstable 
steady states of Z, blow up into invariant sets of S, with complicated 
dynamics. 
4. ERGODICITY AND EXACTNESS OF S 
Now, using the results of Section 3, we are able to carry over the results of 
Section 2 to the semiflow S on (1) on the invariant sets Wi for i odd. 
THEOREM 2. Let i E [il, i,] be odd. Then, S,l,i admits a regular non- 
trivial invariant probabilistic measure p on Wi with respect to which it is 
exact. 
Proof: Given i E [il, i2] odd, let g- , g, be as in Proposition 6. Let m, G 
be as in Theorem 1 and Corollary 1, respectively. Finally, let h be an order- 
preserving homeomorphism of [g-(O), g+(O)] and [-G(O), G(O)]. We extend 
h to a homeomorphism of (w,-,(l), w,+,(l)) on R by defining 
h(u) = 
I 
G(gT’W foru E (g+(O)y wi+*(l)> 
GW’W fort4 E (Wi-l(l),g-(0)). 
The map H: C[O, co) -+ C[O, co) defined by H(g)(t) = h(g(t)) is continuous 
and one has 
I H(g)(t)1 GG(t) if and only if g-(t) <g(t) <g+(t). (10) 
Since (Ho 4): Wi+ C[O, co) is a continuous map from a Bore1 subset of 
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a Polish space to a Polish space, (H 0 $)(A) is analytic (cf. [5]) for each 
Bore1 subset A of Wi. Further, by Proposition 6, 
= { g: I &I < WI, 
so pu, = m((H o #)( W,)) > 0 by Corollary 1. Thus, we can define a measure p
on the Bore1 algebra of Wi by 
From the conjugacy of S and T (Proposition 5) it follows now immediately 
that ~1 has all the asserted properties. 
Remarks. In the linear case f(x, u) = lu, A > 0, c(x) = x, (7) has a 
unique equilibrium u, =o which is unstable and one has 
W, = {V E C[O, 11: u(0) = 0). The ergodicity of the flow of (1) on W, in this 
case has been studied in [3] with respect to a different measure. It is 
interesting to note that with respect o that measure, S has been shown to be 
ergodic merely for d > 2 while for L < 1 the only invariant measure has been 
shown to be supported by the point v = 0. Accordingly, in [6] it is shown for 
the case f(0, 0) = 0, f,(O, 0) > 0 that for f,(O, 0) > c’(0) there is a turbulent 
trajectory while for f,(O, 0) < c’(0) there is none and the zero equilibrium is 
stable. 
These results seem to contradict Theorem 2 but the paradox is easy to 
explain. It is caused by the fact that both in [3] and in [6] only such 
functions from W, are considered which satisfy lim supXLO x-%(x) < co. 
Indeed, consider the solutions of the stationary equation (8). Their graphs 
are pieces of trajectories of the second-order system 
dx/ds = c(x), 
dw/ds =f(x, w). 
(11) 
The point (0,O) is an unstable node for (11). It is a standard result of phase 
plane analysis that all trajectories of (11) passing through points near (0,O) 
approach (0,O) for t -+ --co and, except for one are tangent o the w-axis (x- 
axis) ifyU(O, 0) > c’(0) df,(O, 0) < c’(O), respectively). In casef,(O, 0) = c’(0) 
there is a trajectory with any chosen tangent at (0,O) [6, Theorem 21. 
Consider the case f,(O, 0) < c’(0) and without loss of generality assume 
f(x, 0) = 0 for all x > 0. Then, the exceptional trajectory not tangent o the 
w-axis coincides with the x-axis. Since there are no solutions of (8) through 
points (0, U) with f(0, u) # 0 and, by Proposition 2, the solutions wO, W, 
through the points (0, u,) and (0, UJ (if finite) are unique, all solutions w of 
(8) with w,(l) < w(1) < w*(l) satisfy w(0) = 0, and lim,\, x-‘w(x) = *co 
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if in addition w(1) # 0. Let u E W, satisfy Ix-‘u(x)1 < K for x > 0. Then, for 
any solution w of (11) with lim,\, x-‘w(x) = co one has v(x) < w(x) for x 
sufficiently small. By Proposition 5, #(v)(t) < #(w)(t) = w(1) for t large 
enough. Since w(l) can be chosen arbitrarily close to 0 it follows lim supl -m 
#(v)(t) = 0. Similarly, one obtains lim infi+, $(v)(t) = 0, so lim,,, #(v)(t) = 
lim,, (S,v)( 1) = 0. 
One can repeat this argument with x = 1 replaced by any x E (0, 1) to 
obtain lim,,, S,(v)(x) = 0. Also, it follows that #(v)(t) is bounded away 
from wi+r(l), wi-r(1) by a positive constant so H o Q(v) is bounded. Thus, 
the set Z of all functions of W, with x-Iv(x) bounded is mapped into the set 
of bounded functions by H o 4, which, by Theorem 1, has m-measure zero. 
Consequently, p(Z) = 0, so ,u is supported by W,\Z, i.e., the set of functions 
of W, with vertical tangent at 0. 
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